
DOI 10.1140/epja/i2002-10071-3

Eur. Phys. J. A 16, 111–125 (2003) THE EUROPEAN
PHYSICAL JOURNAL A

Influence of final-state interaction on incoherent pion
photoproduction on the deuteron in the region of the
∆-resonance

E.M. Darwisha, H. Arenhövelb, and M. Schwamb
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Abstract. The influence of final-state NN and πN rescattering in incoherent pion photoproduction on
the deuteron has been investigated. For the elementary photoproduction operator an effective Lagrangian
model is used which describes well the elementary reaction. The interactions in the final two-body sub-
systems are taken in separable form. While NN rescattering shows quite a significant effect, particularly
strong for neutral pion production, πN rescattering is almost negligible. Inclusion of such effects leads to
an improved and quite satisfactory agreement with experiment.

PACS. 13.60.Le Meson production – 21.45.+v Few-body systems – 25.20.Lj Photoproduction reactions

1 Introduction

The particular interest in pion photoproduction on the
deuteron lies in the fact that the simple and well-known
deuteron structure allows one to obtain information on the
production process on the neutron which otherwise is dif-
ficult to obtain in view of the absence of any free neutron
targets. The essential idea behind this reasoning is that
for quasifree kinematics the dominant production process
is given by the elementary reaction on one nucleon, while
the other acts merely as a spectator. However, this is pos-
sible only if competing two-body processes like final-state
interaction (FSI) in the πNN system and possible two-
body exchange current contributions are under control.

Early studies of this reaction are done in [1–3]. Approx-
imate treatments of final-state interaction effects within a
diagrammatic approach have been reported in [4,5]. In
that work, a comparison with experimental data was pos-
sible only for π− production [6], and a satisfactory agree-
ment was found. The authors noted that the FSI effects
are quite small for the charged-pion photoproduction re-
actions in comparison to the neutral channel. More re-
cently Levchuk et al. [7] studied quasifree π0 photopro-
duction on the neutron via the d(γ, π0)np reaction us-
ing the elementary photoproduction operator of Blomqvist
and Laget [3]. In agreement with the results of [5], they
found that the largest rescattering effects arise from the
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np final-state interaction leading to a strong reduction of
the cross-section at pion forward angles, but are much less
important in backward direction. The experimental data
from [8] for the d(γ, π0)np reaction qualitatively support
this prediction although a direct comparison was not pos-
sible. The threshold region was explored in [9], where a
sizeable effect from πN rescattering was noted via inter-
mediate charged-pion production with subsequent charge
exchange. Recently, Levchuk et al. [10] modified the theo-
retical predictions of [7] using a more realistic elementary
production operator and including also the charged-pion
production channels but considering only NN rescatter-
ing for which the Bonn r-space potential [11] was used.
The elementary production operator was taken from the
SAID [12] and MAID [13] multipole analyses. The sizeable
effects from NN FSI were confirmed and good agreement
with the experimental data was achieved.

The present paper is a natural extension of our work
in [14], where this process was studied in the pure im-
pulse approximation (IA), i.e., without inclusion of any
FSI or two-body currents. First of all, we were interested
in the question whether inclusion of FSI would lead to a
good description of the available data, in particular with
respect to the recent data on incoherent π0 production
on the deuteron [8]. Although quite a good description
was already achieved in [10], we were puzzled by the fact
that the results for the IA of this work showed certain
significant differences to our IA results [14] for charged-
pion production, which is most obvious in the differential
cross-sections at forward angles. The origin of this discrep-
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ancy was not clear. Furthermore, it was an open question
whether the inclusion of rescattering contributions would
lead to a different result. Therefore, we have included in
the present work as a first step the presumably must im-
portant part of the FSI, namely the full hadronic rescatter-
ing in all two-body subsystems of the final state, i.e., NN
and πN rescattering, whereas the third particle is treated
as a spectator. It is still an approximate treatment, the
same as in [10], insofar as only the complete scattering in
either the NN - or the πN -subsystems are considered, and
not a genuine three-body approach. In particular, it will
remain a future task to see how critical the violation of
unitarity will be.

In the next section we will briefly review the model
for the elementary photoproduction amplitude which will
serve as an input for the reaction on the deuteron. Sec-
tion 3 will introduce the general form of the differential
cross-section for incoherent pion photoproduction on the
deuteron. The separate contributions of the impulse ap-
proximation and the two rescatterings to the transition
matrix are described in sect. 4. Details of the actual cal-
culation and the results are presented and discussed in
sect. 5. Finally, we close in sect. 6 with a summary and
an outlook.

2 The elementary pion photoproduction on
the nucleon

For the elementary photoproduction operator, we have
taken the effective Lagrangian model of Schmidt et al. [14]
since it is given in an arbitrary frame of reference and al-
lows a well-defined off-shell continuation as required for
studying pion production on nuclei. It is in contrast to
other approaches, where the elementary amplitude is con-
structed first on-shell in the photon-nucleon c.m. frame
with subsequent boost into an arbitrary reference frame
and some prescription for the off-shell continuation. In the
latter method, one loses terms which by chance vanish in
the c.m. frame [15]. In our approach, the only uncertainty
arises from the assignment of the invariant energy for the
photon-nucleon subsystem in the resonance propagators
as has been discussed in detail in [15]. Here we use the
spectator on-shell approach. The model of [14] consists of
the standard pseudovector Born terms and the contribu-
tion of the ∆(1232)-resonance. For details we refer to [14].
The parameters of the ∆-resonance are fixed by fitting
the experimental M3/2

1+ multipole. With respect to the pa-
rameters used in [14], there was only a slight change in the
mass of the ∆(1232)-resonance for which we took a value
of 1233MeV. The quality of the model can be judged by
a comparison with the MAID analysis [13], the Mainz dis-
persion analysis [16] and the VPI analysis [12] as shown
in fig. 1, and one notes quite a good agreement.

In fig. 2 we compare our results for the differential
cross-sections with the MAID analysis [13] and with exper-
imental data. For π+ and π0 photoproduction on the pro-
ton the data are taken from [17–19] (MAMI), whereas for
π− photoproduction we took the data from [20] (Tokyo).
In general, we obtain quite a good agreement with the
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3/2
1+ multipole.

Notation: solid curves: present model; short-dashed curves:
MAID [13]. Data points: from [12] (SAID, solution: Septem-
ber 2000), [16] (HDT).

data, especially in the region of the ∆(1232)-resonance at
330MeV. Also in comparison with the MAID analysis our
elementary production operator does quite well in this en-
ergy region. One notes only small discrepancies which very
likely come from the fact that no other resonances besides
the ∆(1232) are included in our model.

The total cross-sections for the different pion channels
are shown in fig. 3 and compared with experimental data.
In general, we obtain a good agreement with the data us-
ing the small value f2

πN/4π = 0.069 for the pion-nucleon
coupling constant. The agreement with the data from [20]
and [21] for π− photoproduction on the neutron is again
satisfactory. In case of the π+ photoproduction, the agree-
ment is good up to a photon energy of about 400MeV. For
higher energies, the D13-resonance, which is not included
in our calculation, gives a non-vanishing contribution [13].
The π+ data from [20] are slightly underestimated in the
resonance region by our calculation but also by the MAID
analysis. Except for a tiny overestimation in the maxi-
mum, the description of the data for π0 production on the
proton is also very good. Therefore, this model for the el-
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Fig. 2. Differential cross-section for the elementary reaction on the nucleon for the three charge states of the pion at various
photon energies. Left panels: π−, middle panels: π+, and right panels: π0. Solid curves: present model; short-dashed curves:
MAID [13]. Experimental data from [20] (Tokyo) for π−, [18] (TAPS), [19] (GDH) for π0, and [17] (MAMI), [19] (GDH) for π+.

ementary photoproduction amplitude is quite satisfactory
for our purpose, namely to incorporate it into the reaction
on the deuteron.

3 Incoherent pion production on the deuteron

We will briefly review the general formalism for incoherent
pion production on the deuteron. The general expression
for the unpolarized differential cross-section of pion pho-

toproduction reaction on the deuteron is given, using the
conventions of Bjorken and Drell [23], by

dσ = (2π)−5δ4(k + d− p1 − p2 − q)

× 1
|�vγ − �vd|

1
2
d3q

2ω�q

d3p1

E1

d3p2

E2

M2
N

4ωγEd

1
6

×
∑

s,m,t,mγ ,md

|M(tµ)
sm mγmd

|2, (1)
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Fig. 3. Total cross-sections for pion photoproduction on the nucleon as a function of photon energy for all four physical
channels. Notation of the curves: solid: present model; short-dashed: SAID [12]; dashed: MAID [13]. Experimental data from [20]
(Tokyo), [21] (TRIUMF), [19] (GDH), [22] (TAPS).

where initial photon and deuteron four-momenta are de-
noted by k = (ωγ ,�k) and d = (Ed, �d), respectively, and
the four-momenta of final meson and two nucleons by
q = (ωq, �q ) with ωq =

√
m2

π + �q 2, mπ as pion mass, and

pj = (Ej , �pj) (j = 1, 2) with Ej =
√

M2
N + �p 2

j , respec-
tively, andMN as nucleon mass. Furthermore,mγ denotes
the photon polarization, md the spin projection of the
deuteron, s and m total spin and projection of the two
outgoing nucleons, respectively, t their total isospin, µ the
isospin projection of the pion, and �vγ and �vd the veloci-
ties of photon and deuteron, respectively. The states of all
particles are covariantly normalized. The reaction ampli-
tude is denoted by M(tµ)

s mmγmd . As in [14], we have chosen
as independent variables the pion momentum q, its angles
θπ and φπ, the polar angle θpNN

and the azimuthal angle
φpNN

of the relative momentum �pNN of the two outgoing
nucleons as independent variables.

The total and relative momenta of the final NN -
system are defined, respectively, by

�PNN = �p1 + �p2 = �k − �q

and

�pNN =
1
2
(�p1 − �p2). (2)

nucleon planeN2

d π

γ

y

z

N1

θπ
scattering plane

Fig. 4. Kinematics in the laboratory system for γd → πNN .

The absolute value of the relative momentum �pNN is
given by

pNN =
1
2

√
E2

NN (W 2
NN − 4M2

N )
E2

NN − P 2
NN cos2 θPpNN

, (3)

where ENN and WNN denote total energy and invariant
mass of the NN -subsystem

ENN = E1 + E2 = ωγ + Ed − ωq,

W 2
NN = E2

NN − P 2
NN , (4)
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ρs =
1

(2π)5
p2

NNM2
N

|E2(pNN + 1
2
PNN cos θPpNN ) + E1(pNN − 1

2
PNN cos θPpNN )|

q2

16ωγMd ωq
. (7)

and θPpNN
is the angle between �PNN and �pNN .

For the evaluation we have chosen the laboratory frame
where dµ = (Md,�0) with Md as deuteron mass. As coordi-
nate system a right-handed one is taken with z-axis along
the momentum �k of the incoming photon and y-axis along
�k×�q. Thus, the outgoing pion defines the scattering plane.
Another plane is defined by the momenta of the outgoing
nucleons which we will call the nucleon plane (see fig. 4).

In the later discussion of the main features of the pro-
cesses we will consider the semi-inclusive differential cross-
section d2σ/dΩπ, where only the final pion is detected. It
is obtained from the fully exclusive cross-section

d5σ

dΩpNN
dΩπ dq

=
ρs

6

∑
s,m,t,mγ ,md

|M(tµ)
s m mγmd

|2 (5)

by integration over q and ΩpNN

d2σ

dΩπ
=

∫ qmax

0

dq
∫

dΩpNN

d5σ

dΩpNN
dΩπ dq

, (6)

where the maximal pion momentum qmax is determined
by the kinematics. The phase space factor ρs in (5) is
expressed in terms of relative and total momenta of the
two final nucleons

see eq. (7) above.

4 The transition matrix

The general form of the photoproduction transition matrix
is given by

M(tµ)
s m mγmd

(
�k, �q, �p1, �p2

)
=

(−)
〈
�q µ, �p1 �p2 sm t− µ

∣∣εµ(mγ)Jµ(0)
∣∣�dmd 00

〉
, (8)

where Jµ(0) denotes the current operator and εµ(mγ) the
photon polarization vector. The electromagnetic interac-
tion consists of the elementary production process on one
of the nucleons T (j)

πγ (j = 1, 2) and in principle a possible
irreducible two-body production operator T (NN)

πγ . The fi-
nal πNN state is then subject to the various hadronic two-
body interactions as described by an half-off-shell three-
body scattering amplitude TπNN . In the following, we will
neglect the electromagnetic two-body production T

(NN)
πγ ,

and the outgoing πNN scattering state is approximated
in this work by

|�q µ, �p1 �p2 sm t− µ〉(−) = |�q µ, �p1 �p2 sm t− µ〉
+G

πNN(−)
0

(
TπN (1) + TπN (2) + TNN

)
×|�q µ, �p1 �p2 sm t− µ〉 , (9)

d
N
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Fig. 5. Diagramatic representation of γd → πNN including
rescattering in the two-body subsystems of the final state:
(a) impulse approximation (IA), (b) NN rescattering, and
(c) πN rescattering.

where |�q µ, �p1 �p2 sm t − µ〉 denotes the free πNN plane
wave, GπNN(−)

0 the free πNN propagator, TπN (j) the re-
action operator for πN scattering on nucleon “j”, and
TNN the corresponding one for NN scattering. This
means, we include besides the pure impulse approxima-
tion (IA), which is defined by the e.m. pion production on
one of the nucleons alone, only the complete rescattering
by the final-state interaction within each of the two-body
subsystems. Therefore, the total transition matrix element
reads in this approximation

M(tµ)
s m mγmd

=M(tµ) IA
s m mγmd

+M(tµ) NN
s m mγmd

+M(tµ) πN
s m mγmd

, (10)

in an obvious notation. A graphical representation of the
transition matrix is shown in fig. 5. We will now consider
the different contributions in detail.

4.1 The impulse approximation

Here we briefly review the relevant formulae from [14]. In
the IA the final-state interaction is neglected and the pion
and the NN final states are described by pure plane waves
(see fig. 5(a)). For the spin (|sm〉) and isospin (|t − µ〉)
part of the two-nucleon wave functions we use a coupled
spin-isospin basis |sm, t−µ〉. The antisymmetric finalNN
plane-wave function thus has the form

|�p1, �p2, sm, t− µ〉 = 1√
2

(
|�p1〉(1)|�p2〉(2)

−(−)s+t|�p2〉(1)|�p1〉(2)
)
|sm , t− µ〉, (11)

where the superscript indicates to which particle the ket
refers. In the case of charged pions, only the t = 1 channel
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contributes, whereas for π0 production both t = 0 and
t = 1 channels have to be taken into account. Then the
IA matrix element is given by

M(tµ) IA
s m mγmd

(�k, �q, �p1, �p2) =

〈�p1, �p2, sm, t− µ|tNN
γπ (�k, �q )|�dmd, 00〉 =

1
2

∫
d3p′1
(2π)3

∫
d3p′2
(2π)3

M2
N

E ′
1E

′
2

×
∑
m′

〈 �p1�p2, sm, t− µ| tNN
γπ (�k, �q )| �p ′

1�p
′
2, 1m

′, 00〉

×〈 �p ′
1�p

′
2, 1m

′, 00 | �dmd, 00〉 (12)

with
tNN
γπ (�k, �q ) = tN(1)

γπ (�k, �q ) + tN(2)
γπ (�k, �q ) , (13)

where tN(j)
γπ denotes the elementary production amplitude

on nucleon “j”. As mentioned above, we use covariant
normalization for the nucleon, deuteron and meson states,
i.e.,

〈�p ′ | �p 〉 = (2π)3
Ep

MN
δ3(�p ′ − �p ),

〈�d ′ | �d 〉 = (2π)32Ed δ
3(�d ′ − �d ) ,

〈�q ′ | �q 〉 = (2π)3 2ωq δ(�q ′ − �q ) . (14)

The deuteron wave function has the form

〈 �p1�p2, 1m, 00 | �dmd, 00〉 = (2π)3δ3
(
�d− �p1 − �p2

)
×
√
2E1E2

MN
Ψ̃m,md

(�pNN ) (15)

with

Ψ̃m,md
(�p ) = (2π)

3
2
√
2Ed

∑
L=0,2

∑
mL

iL CL11
mLmmd

×uL(p)YLmL
(p̂) , (16)

denoting with Cj1j2j
m1m2m a Clebsch-Gordan coefficient. Us-

ing (13), one finds in the laboratory system for the IA
matrix element the following expression:

M(tµ) IA
s m mγmd

(�k, �q, �p1, �p2) =
√
2

∑
m′

〈sm, t− µ|
(
〈�p1|tN(1)

γπ (�k, �q )| − �p2〉

×Ψ̃m′,md
(�p2)− (−)s+t(�p1 ←→ �p2)

)
|1m′, 00〉. (17)

Note that in (17) the elementary production operator acts
on nucleon “1” only. This matrix element possesses the
obvious symmetry under the interchange of the nucleon
momenta

M(tµ) IA
s m mγmd

(�k, �q, �p2, �p1) =

(−)s+t+1M(tµ) IA
s m mγmd

(�k, �q, �p1, �p2). (18)

4.2 NN rescattering

As next we will evaluate the NN rescattering contribu-
tion whose Feynman diagram is shown in fig. 5(b). The
transition matrix element has the form

M(tµ) NN
s m mγmd

=
1
2

∫
d3p′1
(2π)3

∫
d3p′2
(2π)3

M2
N

E ′
1E

′
2

∑
m′

RNN, tµ
s mm′

×(WNN , �p1, �p2, �p
′
1, �p

′
2)G

πNN(+)
0 (Eγd, �q, �p

′
1, �p

′
2)

×M(tµ) IA
sm′mγmd

(�k, �q, �p ′
1, �p

′
2). (19)

Here RNN, tµ(WNN ) contains the half-off-shell NN scat-
tering matrix at the invariant energy of the NN -
subsystem WNN , and GπNN(+)

0 (Eγd, �q, �p
′
1, �p

′
2) denotes the

free πNN propagator. The latter is given by

GπNN(+)
0 (Eγd, �q, �p

′
1, �p

′
2) =(

Eγd − ωπ(�q )− E1(�p ′
1)− E2(�p ′

2) + iε
)−1

, (20)

where Eγd = ωγ+Md. Now we introduce relative and total
momenta �p

(′)
NN and �P (′), respectively, of the interacting

nucleons in initial and final states

�p
(′)
NN =

1
2

(
�p

(′)
1 − �p

(′)
2

)
, �P (′) = �p

(′)
1 + �p

(′)
2 . (21)

Using non-relativistic kinematics for the nucleons, one
finds for the propagator

GπNN(+)
0 (Eγd, �q, �p

′
1, �p

′
2) =

MN

p̃ 2 − p′2NN + iε
, (22)

where p̃ is given by

p̃ 2 = MN

(
Eγd − ωπ(�q )− 2MN − (�k − �q )2

4MN

)
. (23)

As next we separate the c.m. motion of the two-nucleon
subsystem and obtain for the NN rescattering amplitude
RNN

RNN, tµ
smm′ (WNN , �p1, �p2, �p

′
1, �p

′
2) =

2(2π)6δ3(�P ′ − �P )

√
E1E2E′

1E
′
2

M2
N

×R̃NN, tµ
smm′ (WNN , �pNN , �p ′

NN ). (24)

Here we have introduced the conventional NN scattering
matrix R̃NN, tµ

s mm′ with respect to non-covariantly normal-
ized states, which is expanded in terms of the partial wave
contributions T NN, tµ

Js��′

R̃NN, tµ
s mm′ (WNN , �pNN , �p ′

NN ) =∑
J��′

FNN, Js
��′ mm′(p̂NN , p̂ ′

NN )T NN, tµ
Js��′ (WNN , pNN , p′NN ), (25)

where orbital and total angular momenta of the two-
nucleon system are denoted by , and J , respectively. The
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purely angular function FNN, Js
��′mm′ (p̂NN , p̂ ′

NN ) is defined by

FNN, Js
��′mm′ (p̂NN , p̂ ′

NN ) =
∑

Mm�m�′

C�sJ
m�mM C�′sJ

m�′m′M

×Y �
�m�

(p̂NN )Y�′m�′ (p̂
′
NN ). (26)

Collecting the various pieces and substituting (24)
and (22) into (19), one obtains the following expression
for the NN rescattering contribution:

M(tµ) NN
s m mγmd

(�k, �q, �p1, �p2) =∑
m′

∫
d3�p ′

NN

√
E1E2

E′
1E

′
2

R̃NN,tµ
smm′ (WNN , �pNN , �p ′

NN )

× MN

p̃ 2 − p′ 2NN + iε
M(tµ) IA

s m′,mγmd
(�k, �q, �p ′

1, �p
′
2), (27)

where �p ′
1/2 = ±�p ′

NN +(�k−�q )/2 and E′
1/2 the correspond-

ing on-shell energies.

4.3 πN rescattering

The last contribution concerns the πN rescattering in the
final state whose diagram is shown in fig. 5(c). The corre-
sponding transition matrix element has formally a similar
structure as the one for NN rescattering and is given by

M (tµ)πN
s m,mγmd

(�k, �q, �p1, �p2) =

1
2

∑
α′

∫
d3�q ′

(2π)3
d3�p ′

1

(2π)3
d3�p ′

2

(2π)3
M2

N

2ωq′E′
1E

′
2

×
[
RπN

αα′(�q, �p1, �p2, �q
′, �p ′

1, �p
′
2)

−(−)s+tRπN
αα′(�q, �p2, �p1, �q

′, �p ′
1, �p

′
2)

]
×GπNN(+)

0 (Eγd, �q
′, �p ′

1, �p
′
2)M

(t′µ′) IA
s′m′mγmd

×(�k, �q ′, �p ′
1, �p

′
2) , (28)

where we have introduced as a shorthand for the quantum
numbers α = (smtµ) and have made use of the symme-
try (18). Furthermore, RπN

αα′(�q, �p1, �p2, �q
′, �p ′

1, �p
′
2) contains

the half-off-shell πN scattering matrix. Separating the
non-participating spectator nucleon and the c.m. motion
of the interacting πN -subsystem, switching to an uncou-
pled spin-isospin basis, and coupling the isospins of the
interacting pion and nucleon to a total isospin t̃, one ob-
tains

RπN
αα′(�q, �p1, �p2, �q

′, �p ′
1, �p

′
2) =

(2π)9 2
√
ωqωq′

E1

MN

√
E2E′

2

M2
N

δ(�p1 − �p ′
1)

×δ(�q + �p2 − �q ′ − �p ′
2)

×
∑

m2m′
2

∑
µ2µ′

2

∑
t̃µ̃

C t̃µ̃
αα′(m2,m

′
2, µ2, µ

′
2)

×R̃πN, t̃µ̃
m2m′

2
(WπN (�p2), �pπN , �p ′

πN ) , (29)

where

C t̃µ̃
αα′(m2,m

′
2, µ2, µ

′
2) = C

1 1
2 t̃

µµ2µ̃ C
1 1

2 t̃

µ′µ′
2µ̃

×
∑
m1

C
1
2

1
2 s

m1m2m C
1
2

1
2 s

m1m′
2m′

×
∑
µ1

C
1
2

1
2 t

µ1µ2−µ C
1
2

1
2 t′

µ1µ′
2−µ′ (30)

contains the recoupling coefficients, and R̃πN, t̃µ̃
m2m′

2
denotes

the half-off-shell πN scattering matrix at the invariant
mass WπN (�p2) =

√
(E2 + ωq)2 − (�q + �p2)2 of the πN -

subsystem. Furthermore, m2 (m′
2) and µ2 (µ′

2) denote the
spin and isospin projections of the final (initial) nucleon
in the πN -subsystem, respectively. The relative momen-
tum of the final (initial) pion-nucleon subsystem is given,
respectively, by

�pπN =
MN�q −mπ�p2

MN +mπ
,

�p ′
πN =

MN�q ′ −mπ�p
′
2

MN +mπ
=

MN

MN +mπ
(�q + �p2)− �p ′

2 . (31)

The πN scattering matrix is now expanded in terms of
partial-wave amplitudes

R̃πN, t̃µ̃
m2m′

2
(WπN (�p2), �pπN , �p ′

πN ) =∑
J�

FπN
J�m2m′

2
(p̂πN , p̂ ′

πN )T πN, t̃µ̃
J�

×(WπN (�p2), pπN , p ′
πN ) , (32)

where we have defined

FπN
J�m2m′

2
(p̂πN , p̂ ′

πN ) =∑
m�m′

�M

C
1
2 �J

m2m�M C
1
2 �J

m′
2m′

�MY �
�m�

(p̂πN )Y�m′
�
(p̂′πN ). (33)

Inserting (29) with (32) into (28), one obtains the final
form for the πN rescattering contribution

M (tµ)πN
s m mγmd

(�k, �q, �p1, �p2) =

1
2

∑
α′

∫
d3�p ′

2

√
ωq E2

ωq′ E′
2

∑
m2m′

2

∑
µ2µ′

2

∑
t̃µ̃

C t̃µ̃
αα′(m2,m

′
2, µ2, µ

′
2)

×
[ ∑

J�

FπN
J�m2m′

2
(p̂πN , p̂ ′

πN )T πN, t̃µ̃
J�

×(WπN (�p2), pπN , p ′
πN )GπNN(+)

0 (Eγd, �q
′, �p1, �p

′
2)

×M(t′µ′) IA
s′m′,mγmd

(
�k, �q ′, �p1, �p

′
2

)
− (−)s+t(�p1 ↔ �p2)

]
, (34)

where �p ′
πN and �pπN are given in (31) and �q ′ = �q+�p2−�p ′

2.

5 Results and discussion

The three contributions to the pion production amplitude,
i.e., the IA in (17) and the two rescattering contributions
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in (27) and (34) are evaluated by taking a realistic NN
potential model for the deuteron wave function and the
NN scattering amplitudes, in this work the Paris poten-
tial. Specifically, we have taken the deuteron wave function
from [24] and the interaction in the separable represen-
tation of [25,26]. Explicitly, we have included all partial
waves with total angular momentum J ≤ 3. Also in the
case of πN rescattering we have used the separable energy-
dependent πN potential of [27] and have considered all
S-, P - and D-waves. The remaining three-dimensional in-
tegrals in (27) over �p ′

NN and in (34) over �p ′
2 are evaluated

numerically. We would like to remark, that we have ob-
tained essentially the same results if we take the Bonn
r-space potential [11] instead of the Paris one.

The discussion of our results is divided into two parts.
First, we will discuss the influence of FSI on the total
cross-section by comparing the pure IA with the inclusion
of two-body rescattering in the final state. Furthermore,
we will confront our results with experimental data and
other theoretical calculations. In the second part, we will
then consider the semi-exclusive differential cross-section
d2σ/dΩπ, where only the pion is detected in the final state.

5.1 Total cross-section

Our results for the total cross-sections in IA alone and
with FSI effects included are presented in fig. 6. In order

to show in greater detail the relative influence of rescat-
tering effects on the total cross-sections, we show in fig. 7
the effect of complete rescattering relative to the IA by
the ratio σIA+NN+πN

tot /σIA
tot and in fig. 8 the effect of πN

rescattering alone relative to the complete effect by the
ratio σIA+NN+πN

tot /σIA+NN
tot , where σIA

tot denotes the total
cross-section in the impulse approximation, σIA+NN

tot the
one including only NN rescattering, and σIA+NN+πN

tot the
one including in addition πN rescattering contributions.
One readily notes the importance of rescattering effects,
in particular for the π0 channel. FSI leads in all cases, to
a reduction of the total cross-section, except close to the
production threshold, where for charged pions one notes a
sizeable increase and above about 450MeV. The sizeable
effect of πN rescattering in the threshold region confirms
the previous results in [3] for the coherent reaction and
in [9,28] for the incoherent one. Furthermore, it has been
pointed out already in [9], that also for charged-pion chan-
nels rescattering effects are important in the threshold re-
gion.

In the energy range of the ∆(1232)-resonance, one
finds the strongest reduction by rescattering effects which
arise predominantly from NN rescattering, whereas the
influence of πN rescattering appears almost negligible,
about an order of magnitude smaller, as is evident from
fig. 8. Only for neutral pion production πN rescattering
becomes noticable below the ∆ region and amounts to
about 40% of the total effect near 175MeV. The reason
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for this relatively small effect from πN rescattering lies in
the much smaller πN interaction in comparison to theNN
interaction. This is manifest by the fact that the S-wave
scattering length of πN scattering is about two orders of
magnitude smaller than the one of NN scattering.

While for charged-pion photoproduction FSI effects
are relatively small, not more than about 5%, they are
quite strong in the case of neutral pion photoproduction,
reaching a maximum of about 60% at 175MeV and still
about 35% in the ∆ region. The large NN FSI effect in
neutral pion production has two related sources. The first
arises from the fact that for the π0 channel the IA con-
tains a contribution from the coherent process because
the final NN plane wave contains a deuteron bound-state
component. This part, which is absent for charged-pion
production, is automatically excluded as soon as the NN
interaction is switched on, because the scattering state
is orthogonal to the deuteron ground state. The second
source is the change in the radial wave function of the fi-
nal NN partial waves by the interaction. The latter is also
responsible for the reduction of the charged-pion channels.

Figure 9 shows a comparison of our results for the
total cross-sections for π− and π0 photoproduction with
experimental data. In view of the fact that data for π+

production in the ∆ region are not available, we concen-
trate the discussion on π− and π0 data. In the case of π−
production we have taken the experimental data from [6,
29,30] while for π0 production we compare our results
with the experimental data from [8]. One readily notes,
that in agreement with earlier results the pure IA can-
not describe the experimental data, especially in the case
of π0 production. The inclusion of such effects improves
the agreement between experimental data and theoreti-
cal predictions considerably. Only in the maximum of π0

production our model overestimates the measured total
cross-section by about 6%.

Finally, we compare our results with the theoretical
predictions from [10] as shown in fig. 10. Surprisingly,
one notes for the impulse approximation a significant dif-
ference for charged-pion production which cannot be at-
tributed to the use of different elementary production op-
erators. A possible explanation for this feature will be
presented in the next section, where we will discuss the
differential cross-sections. On the other hand, inclusion of
FSI leads in our case to a reduction, whereas an enhance-
ment was found in [10] for charged-pion production. As
a result, one finds quite close agreement for the two cal-
culations, if FSI is included. On the contrary, for neutral
pion production we obtain reasonable agreement in the
IA with [10], only in the maximum and at higher energies
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one notes some differences which very likely come from
the neglect of higher resonances in our elementary pho-
toproduction model. Both calculations predict a strong
reduction by FSI leading to a satisfactory agreement. The
remaining small differences probably stem from different
pion photoproduction operators and from different realis-
tic NN potential models, since in [10] the Bonn r-space
potential model [11] has been used.

5.2 Differential cross-section

We begin the discussion by presenting the results for the
differential cross-sections in the pure IA and with rescat-
tering included in fig. 11. Here one sees that the major con-
tribution from FSI appears at forward pion angles, i.e., at
angles less than 90◦, predominantly from NN rescatter-
ing, whereas rescattering effects become quite small for
backward angles. As already noted for the total cross-
section, the overall effect is quite small for charged pions,
reaching a maximal reduction at θπ = 0◦ of about 15%
and decreasing rapidly with increasing angle. In the case
of the π0 channel, the results for the total cross-section
have already shown that the effect of rescattering is large.
Again one notes that the dominant effect appears at for-
ward pion angles resulting in a strong reduction of the
order of 40%. At 90◦ the reduction is still sizeable but
decreases to a tiny effect at 180◦.

Another interesting feature is that for charged-pion
production in contrast to π0 production the angular dis-
tribution of the emitted pion is more and more forward
peaked with increasing photon energy. Its origin are the
Born terms which are absent for π0 production. This is
demonstrated in fig. 12 where the separate contributions
from Born and resonance terms are shown. More than 70%
of the differential cross-section at θπ = 0 comes from the
Born terms.

A comparison with experimental data from [6] for π−
production and from [8] for π0 production is shown in
figs. 13 and 14. Since in [8] the differential cross-sections
for the reaction d(γ, π0)np are given in the so-called γN
c.m. frame, we have transformed the differential cross-
sections from the lab frame to the γN c.m. frame. The
pion angle in the γN c.m. frame is denoted by θ �

π .
For π− production the small reduction at forward an-

gles leads at 350MeV to an improved and satisfactory
description of the data at forward angles. At the lower
energy of 250MeV FSI effects are small, but one notes in
the maximum around 90◦ an underestimation of the data
by about 15%, while at 180◦ the theory is slightly higher
than the data. Also at 420MeV the theory is at forward
angles slightly above the data but below in the backward
direction. However, the overall description is quite satis-
factory. The comparison between theory and experiment
is even better for π0 production, where the inclusion of
FSI yields an almost perfect description.

Now we compare our results for the differential cross-
sections with the theoretical predictions of Levchuk et
al. [10] in fig. 15. For the π0 channel we find quite a good
agreement in the maximum. At forward angles one notes
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Fig. 12. Differential cross-section for π− photoproduction on
the deuteron in impulse approximation. Solid curves: contribu-
tion of Born terms alone; short-dashed curves: contribution of
the ∆(1232)-resonance alone.

for the pure IA as well as with inclusion of FSI only at the
lowest energy agreement, whereas for the two higher en-
ergies larger differences appear. In the backward direction
we find for all three energies a significantly larger cross-
section already for the IA while FSI effects are tiny (see
right panels of fig. 15). Again we suspect differences in the
elementary production amplitude to be responsible for this
fact. However, for charged-pion production the situation
is quite different. Major discrepancies are evident in the
forward direction for the IA. While we find an increased
forward peaking of the cross-section with increasing en-
ergy, the cross-section remains small in [10] at θπ = 0.
Analysing in detail the contributions from the s = 0 and
s = 1 parts of the NN final-state plane wave (see left
panel of fig. 16), we discovered that we could reproduce
the results of [10] if we assume a wrong antisymmetriza-
tion for the s = 0 channel, i.e., using instead of (11) for
s = 0

|�p1�p2, 00, t− µ〉 = 1√
2

(
|�p1〉(1)|�p2〉(2)

+(−)t|�p2〉(1)|�p1〉(2)
)
|00, t− µ〉 , (35)
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Fig. 14. Differential cross-sections for π0 photoproduction on the deuteron. Solid curves: IA plus NN and πN rescattering;
dashed curves: IA. Experimental data: [8].
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Fig. 15. Differential cross-sections for pion photoproduction on the deuteron in comparison with the results from [10] at different
photon energies. Solid curves: our results for IA plus NN and πN rescattering; short-dashed curves: our results in IA; dashed
and dash-dotted curves: results from [10] with and without rescattering effects, respectively.

and keeping the form of (11) for the s = 1 channel. This
is demonstrated in the right panel of fig. 16, where we
obtain in this case also a decrease of the cross-section at
0◦ very similar to [10]. This wrong antisymmetrization for
the s = 0 channel corresponds in the uncoupled represen-
tation, as used in [10], to an interchange of the momenta
of the two nucleons alone without interchanging the spin
quantum numbers. This we have checked by using also an
uncoupled, i.e., helicity basis leading to the same result.
However, we can only suspect that the difference to the
results of [10] may originate from such an error in the
antisymmetrization.

6 Summary and conclusions

In this work we have investigated the influence of final-
state interaction effects on incoherent single-pion photo-

production on the deuteron in the ∆(1232)-resonance re-
gion. The elementary production operator on the nucleon
is taken in an effective Lagarangian model used earlier in
a study of the same process in the impulse approxima-
tion, where all kind of final-state interactions and other
two-body operators were neglected. As presumably dom-
inant final-state interaction effects we have included the
complete rescattering contributions in the two-body NN -
and πN -subsystems. As models for the interaction of the
NN - and πN -subsystems we used separable representa-
tions of realistic NN and πN interactions which give a
good description of the corresponding phase shifts. For
NN rescattering, we have included all partial waves with
total angular momentum J ≤ 3 and for πN rescattering
S- through D-waves.

We found that the influence of NN and πN rescat-
tering reduces the total cross-sections in the ∆(1232)-
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Fig. 16. Differential cross-section for π− photoproduction on
the deuteron in the impulse approximation at a photon en-
ergy of 370MeV. Upper panel: our result with separate s = 0
(dashed curve) and s = 1 (short-dashed curve) contributions;
solid curve: total result; lower panel: our result assuming a
wrong NN antisymmetrization for the s = 0 channel (see (35)).
Notation as in the upper panel. In addition the result of [10]
(dash-dotted curve).

resonance region for charged-pion photoproduction by
about 5% and for π0 photoproduction reaction, where
rescattering is much more important, by about 35% in
the maximum. Furthermore, πN rescattering appears to
be much less important compared to NN rescattering.
In comparison with experimental data, the inclusion of
rescattering effects leads to an improved agreement with
experimental data. Only in the maximum of π0 produc-
tion our model overestimates slightly the measured total
cross-section by a few percent. With respect to the theo-
retical predictions of [10], we obtained very similar results
when FSI is included.

The study of the differential cross-section revealed that
the reduction by inclusion of FSI appears predominantly
at pion forward angles by about 15% for charged-pion pro-
duction and for the π0 channel by about 40%. For pions
emitted in the backward direction the influence of rescat-
tering is much less important. As already noted for the
total cross-section, πN rescattering has a very small ef-

fect on the final results. In comparison with experiment,
the inclusion of FSI yields a very satisfactory agreement
with data. Small discrepancies remain at backward pion
angles. In comparison with the results of [10] in the IA, we
found for charged-pion channels at forward angles a large
difference between both calculations. A detailed analysis
gave as possible explanation a wrong antisymmetrization
for the final two-proton or two-neutron state. After in-
clusion of rescattering effects we obtained a satisfactory
agreement with [10].

The present study will serve as a basis for further in-
vestigations including a three-body treatment of the fi-
nal πNN system for the lowest and most important par-
tial waves. This will insure the important unitarity con-
dition and may result in an even better agreement be-
tween experimental data and theoretical predictions for π0

photoproduction. A further interesting topic concerns the
study of polarization observables giving more detailed in-
formation on the dynamics and thus providing more strin-
gent tests for theoretical models. As future refinements we
consider also the use of a more sophisticated elementary
production operator, which will allow one to extend the
present approach to higher energies, and the role of irre-
ducible two-body contributions to the e.m. pion produc-
tion operator, e.g. interaction of the intermediate particle
of the nucleon and ∆ pole diagrams with the spectator
nucleon. In the long run, one would also need to extend
the formalism to the threshold region for which the el-
ementary production operator has to be improved. This
process is of great interest since experimental data for the
reaction d(γ, π0n)p have been measured recently in Mainz
(MAMI/TAPS) and Saskatoon (SAL) [31]. Moreover, the
formalism should be extended to investigate coherent and
incoherent electroproduction of pions on the deuteron in-
cluding final-state interaction effects in both the threshold
and the ∆(1232)-resonance regions in order to analyze re-
cent results from MAMI [32].
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